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1. Main theorem
The classification of Hopf algebras of dimension pq , where p, q are distinct prime
numbers, over an algebraically closed field k of characteristic 0 is still unknown. In the
previous works [EG,GW] the problem was solved in the semisimple case; namely, it was
shown that any semisimple Hopf algebra of dimension pq is trivial (i.e. isomorphic to
either a group algebra or to the dual of a group algebra). In the work [N1], Ng completed
the classification of Hopf algebras of dimension p2, which started in [AS,Ma], and in the
work [N2], Ng settled the problem for twin primes. In addition to that, the problem was
also settled in some specific low dimensions. More precisely, Williams did dimensions 6
and 10 [Wi], Andruskiewitsch and Natale did dimensions 15, 21, and 35 [AN], and Beattie
and Dascalescu did dimensions 14, 55, 65, and 77 [BD].
In this paper we contribute to the classification of Hopf algebras of dimension pq by
proving the following main theorem. (We shall work over the field of complex numbers,
for convenience.)
Theorem 1.1. Let p < q be odd primes with q  2p + 1. Then any complex Hopf algebra
of dimension pq is semisimple and hence trivial.
In particular, this theorem covers all the odd dimensions listed above, except 65.
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Proposition 2.1. Let H be a finite-dimensional Hopf algebra. Let P denote the projective
cover of the trivial representation of H , and N be the number of irreducible representations
of H . Then N dim(P ) dim(H).
Proof. H =⊕V∈Irr(H) dim(V )P (V ), where P(V ) is the projective cover of V . Now, the
module P(V )⊗ ∗V is projective (cf. [KL, p. 441, Corollary 2] or [GMS, Proposition 2.1])
and Hom(P (V ) ⊗ ∗V,C) = Hom(P (V ),V ) = 0. Hence P(V ) ⊗ ∗V contains P , and its
dimension is at least dim(P ). So dim(V )dim(P (V )) dim(P ). Adding over all V , we get
N dim(P ) dim(H), as desired. 
Lemma 2.2. If P = C then H is semisimple.
Proof. If P = C then C is projective, and hence any representation V = V ⊗ C of H is
projective ([KL, p. 441, Corollary 2]; [GMS, Proposition 2.1]). This implies that Rep(H)
is a semisimple category, so H is semisimple. 
Let H be a non-semisimple complex Hopf algebra of dimension pq , p < q are primes.
Lemma 2.3. Let D ⊂ Rep(H) be the subcategory of representations whose composition
factors are 1-dimensional. Then D is semisimple.
Proof. Assume that D is not semisimple. Then D contains a 2-dimensional representation
V of H which is a nontrivial extension of a character χ1 by a character χ2. This
means, V has a basis v1, v2 such that for any a ∈ H , one has av1 = χ1(a)v1 + f (a)v2,
av2 = χ2(a)v2. Since (ab)v1 = a(bv1), the element f ∈ H ∗ satisfies the equality f (ab) =
f (a)χ1(b)+χ2(a)f (b). Thus, (f ) = f ⊗χ1 +χ2 ⊗f , so f is skew-primitive. Since V
is a nonsplit extension, f is nontrivial (i.e., not a multiple of χ1 − χ2). Thus, H ∗ contains
nontrivial skew-primitive elements, which contradicts Proposition 1.8 in [AN]. Thus D is
semisimple. 
Suppose from now on that p and q are odd.
Theorem 2.4 [N1]. (i) The order of S4 is p.
(ii) The distinguished group-like element either in H or in H ∗ is nontrivial and has
order p.
So we will assume that H ∗ has distinguished group-like element χ of order p. Then χ
is a 1-dimensional representation of H , χp = 1.
Proposition 2.5. Let V be an irreducible H -module, which is stable under tensoring on
the left with χ . Then dim(V ) is divisible by p.
Proof. As pointed out in [AN, the proof of Lemma 2.1], (EndV )∗ ⊂ H ∗ is a Hopf module
for (C[G(H ∗)],H ∗). Thus the result follows by the Nichols–Zoeller theorem [NZ]. 
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multiplication by χ . Then q > 2p + 1.
Proof. Assume that q  2p + 1. By Proposition 2.5, the dimension of V is divisible
by p. We claim that V is the unique irreducible H -module of dimension  p, and
hence the unique irreducible module stable under left multiplication by χ ; in particular
V ∗ = ∗V = V . Indeed, assume that W is another irreducible H -module of dimension p.
Then
pq = dim(H) dim(V )2 + dim(W)2 +
p∑
j=1
dim
(
χj
)2 = 2p2 + p.
Since q  2p+1, this inequality is an equality, and hence H is semisimple, a contradiction.
Assume that Y,Z are other (hence χ -unstable) simple modules such that Y ⊗Z contains
V as a constituent of the Jordan–Hölder series. Then dim(Y ) > 1, dim(Z) > 1, and either
Y or Z (say, Y ) has dimension > √p, so
pq = dim(H)
p∑
j=1
dim
(
χj ⊗ Y )2 + dim(V )2 +
p∑
j=1
dim
(
χj
)2
> 2p2 + p,
i.e. q > 2p + 1, a contradiction. Thus, Y,Z do not exist.
Let C be the category of H -modules which do not contain V as a constituent. As we
have seen in the previous paragraph, it is a rigid tensor category, so C = Rep(H ′), where
H ′ is a quotient of H by a nontrivial Hopf ideal. Since χj , 1 j  p, are representations
of H ′, by the Nichols–Zoeller theorem [NZ], the dimension of H ′ is a divisor of pq which
is divisible by p. Hence the dimension of H ′ is p, and we have H ′ = C[Zp]. In other
words, C is semisimple, with simple objects χj , 1 j  p.
Let P(V ) be the projective cover of V . If P(V ) = V then the socle of P(V ) is
χ−1 ⊗ V = V (by [EO, Lemma 2.10]). Thus, dim(P (V )) 2 dim(V ), and
pq = dim(H) dim(V )dim(P(V ))+
p∑
j=1
dim
(
χj
)
dim
(
P
(
χj
))
> 2p2 + p
(the > sign is due to the fact that the projective cover of C cannot equal C, by Lemma 2.2).
So, we have a contradiction. Thus P(V ) = V .
This means that P(C) must contain V as a constituent (otherwise by Lemma 2.3, one
has P(C) = C, hence by Lemma 2.2, H is semisimple, which is a contradiction). Hence
P(χj ) contains V as a constituent for all j . Thus the dimension of P(χj ) is at least p + 2
(it involves χj , V , and the socle χj−1). So
pq = dim(H)
p∑
j=1
dim
(
P
(
χj
))+ dim(V )2  p(p + 2)+ p2 = p(2p + 2),
a contradiction. 
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Lemma 2.7. One has dim(P ) < p.
Proof. By Proposition 2.6, all simple H -modules are χ -unstable. By Lemma 2.3, not all
simple H -modules are 1-dimensional. Thus there are at least 2 orbits of simple H -modules
under left multiplication by χ . Consider two cases.
1. The number of orbits is  3. Then dim(P )  q/3  (2p + 1)/3 < p by Proposi-
tion 2.1.
2. The number of orbits is 2. Then by Proposition 2.1, dim(P ) q/2, so dim(P ) p.
So it remains to show that dim(P ) = p. Suppose dim(P ) = p. Let V be an element
of the unique orbit of non-1-dimensional representations, and suppose dim(V ) = d .
Then P(V ) ⊗ ∗V contains P , so dim(P (V ))  p/d . Clearly, we cannot have P =
P(V ) ⊗ ∗V , as the dimension of P is a prime. Thus, P(V ) ⊗ ∗V = P ⊕ Q, where Q is a
nontrivial projective module. Thus, dim(Q) p/d (as Q contains P(χj ) = χj ⊗ P , or it
contains P(χj ⊗ V ) = χj ⊗ P(V ), because they are the only indecomposable projective
H -modules). So dim(P (V ))dim(V )  p + p/d = p(d + 1)/d . This implies (like in the
proof of Proposition 2.1) that
pq 
p∑
j=1
dim
(
P
(
χj ⊗ V ))dim(χj ⊗ V )+
p∑
j=1
dim
(
P
(
χj
))
 p2 d + 1
d
+ p2
= p2 2d + 1
d
> p(2p + 1)
(since clearly d < p: otherwise pq = dim(H) p dim(V )2 = p3, which is absurd). This
is a contradiction, so the lemma is proved. 
Lemma 2.8. For any simple H -module V , one has χ−1 ⊗ V ⊗ χ = V .
Proof. Let Y,Z be irreducible representations of H which are stable under conjugation
by χ , and suppose that Y ⊗ Z contains as a constituent an irreducible representation X
which is not stable under conjugation by χ . Then Y ⊗Z must also contain as constituents
all the translates χi ⊗X⊗χ−i , which are pairwise non-isomorphic. To be definite, assume
that dim(Y ) dim(Z). Since X cannot be 1-dimensional, we find that dim(Y )dim(Z)
2p, so dim(Y )2 > 2p. This means that
pq = dim(H)
p∑
j=1
(
dim
(
χj ⊗ Y )2 + dim(χj )2)> 2p2 +p,
a contradiction. Thus Y,Z do not exist.
So let E be the category of representations of H whose all simple constituents are
stable under conjugation by χ . As we have just shown, it is a rigid tensor category. So
E = Rep(H ′), where H ′ is a quotient of H .
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are not 1-dimensional fail to be invariant under conjugation by χ .
Choose a non-1-dimensional simple constituent V in P . Such exists, otherwise by
Lemma 2.3, C is projective and H is semisimple, which is a contradiction. Then
all translates χi ⊗ V ⊗ χ−i (which are pairwise non-isomorphic) are contained in P
as constituents. Thus dim(P )  2p (since dim(V )  2). But we showed before that
dim(P ) < p. Contradiction. Thus, H = H ′, as desired. 
Corollary 2.9. For any simple H -module V , one has V = V ∗∗∗∗.
Proof. Follows from Lemma 2.8 and the Radford S4 formula [Ra]. 
Corollary 2.10. There exists an odd-dimensional indecomposable projective module Q
over H such that Q = Q∗∗.
Proof. We have H =⊕V∈Irr(H) dim(V )P (V ) and H ∗∗ = H . By Corollary 2.9, ∗∗ is an
involution on the set of indecomposable projectives P(V ). Since the dimension of H is
odd, the sum
⊕
V=V ∗∗ dim(V )P (V ) is also odd-dimensional. Thus one of the summands
is odd-dimensional, as desired. 
Lemma 2.11. Let Q be an odd-dimensional indecomposable projective module over H
such that Q = Q∗∗. Then dim(Q) p.
Proof. Let a :Q → Q∗∗ be an isomorphism. In other words, a is a linear operator Q → Q
such that ax = S2(x)a, x ∈ H . We claim that if λ,µ are eigenvalues of a then λ/µ is a root
of unity of degree 2p, i.e. a power of z := eπ i/p.
Indeed, assume that this is not the case. Let Q1 be the sum of generalized eigenspaces
of a on Q with eigenvalues λzm, m = 0, . . . ,2p − 1, and Q2 the sum of generalized
eigenspaces of a with other eigenvalues. Then Q1,Q2 = 0, and Q1 ⊕ Q2 = Q. We
claim that Q1 and Q2 are H -submodules of Q (this is a contradiction, since Q is
indecomposable). Indeed, let x be an eigenvector of S2 in H with eigenvalue zm, and
v ∈ Qi for some i be a generalized eigenvector of a with eigenvalue β : (a − β)Nv = 0.
Since ax = S2(x)a = zmxa, we have 0 = x(a − β)Nv = (z−ma − β)Nxv. This shows that
xv is a generalized eigenvector of a with eigenvalue βzm, i.e. xv ∈ Qi for the same i . But
by Theorem 2.4, elements x as above span H . We are done.
Let us normalize a in such a way that one of its eigenvalues is 1. Then, as we have
shown, other eigenvalues will be zj , j = 0, . . . ,2p − 1.
By Lorenz’ theorem [Lo] (see also, [EO, proof of Theorem 2.16]), Tr(a) = 0. Thus, if
mj is the multiplicity of the eigenvalue zj , then
2p−1∑
mjz
j = 0,
2p−1∑
mj = dim(Q).
j=0 j=0
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p−1∑
j=0
(m2j − m2j+p)z2j = 0.
This means that m2j − m2j+p = b for all j . Since ∑j mj is odd, b = 0. Thus,
max(m2j ,m2j+p) 1, and hence dim(Q) p, as desired. 
Remark 2.12. The proof of Lemma 2.11 is similar to [N1, Section 5].
Lemma 2.13. The module P is odd-dimensional.
Proof. By Corollary 2.10 and Lemma 2.11, some indecomposable projective module
Q = P(V ) over H has dimension p. If V is not 1-dimensional, then
pq = dim(H)
p∑
j=1
dim
(
P
(
χj ⊗ V ))dim(χj ⊗ V )+
p∑
j=1
dim
(
P
(
χj
))
dim
(
χj
)
> 2p2 + p
(since dim(V ) 2 and P(C) = C by Lemma 2.2), a contradiction. So V is 1-dimensional,
hence we may assume that V = C, as desired. 
Now we observe that Lemma 2.13 and Lemma 2.11 imply that dim(P )  p, which
contradicts our previous conclusion (Lemma 2.7) that dim(P ) < p. Thus we get an
ultimate contradiction, which means that nonsemisimple Hopf algebras of dimension pq
with p < q  2p+1, where p, q are primes, do not exist. The main theorem is proved. 
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